Abstract. An m by n sign pattern A is an m by n matrix with entries in {+, −, 0}. The sign pattern A requires a positive (resp. nonnegative) left inverse provided each real matrix with sign pattern A has a left inverse with all entries positive (resp. nonnegative). In this paper, necessary and sufficient conditions are given for a sign pattern to require a positive or nonnegative left inverse. It is also shown that for n ≥ 2, there are no square sign patterns of order n that require a positive (left) inverse, and that an n by n sign pattern requiring a nonnegative (left) inverse is permutationally equivalent to an upper triangular sign pattern with positive main diagonal entries and nonpositive off-diagonal entries.
Introduction and Preliminaries. An m by n sign pattern A = [α ij ] is an
m by n matrix with entries in {+, −, 0}. If the sign pattern A has all entries in {+, 0} (resp. {+}), then A is a nonnegative (resp. positive) sign pattern. Nonpositive and negative sign patterns are analogously defined. A superpattern of A is an m by n sign pattern B = [β ij ] such that β ij = α ij whenever α ij = 0. The sign pattern class Q(A) of the m by n sign pattern A is the set of all m by n real matrices with the sign pattern A, i.e.,
Q(A) = {A = [a ij ] ∈ R
m×n | sgn(a ij ) = α ij for all i, j}.
If A ∈ Q(A), then A is a realization of A.
Let A = [a ij ] be an m by n matrix. If A is a realization of a positive (resp. nonnegative) sign pattern, then A is positive (resp. nonnegative), written A > 0 (resp. A ≥ 0). A left inverse of the m by n matrix A is an n by m matrix B such An m by n sign pattern A allows a PLI (resp. an NLI ) provided there exists A ∈ Q(A) with a PLI (resp. an NLI). An m by n sign pattern A requires a PLI (resp. an NLI ) provided each A ∈ Q(A) has a PLI (resp. an NLI). It is clear that if A requires a PLI (NLI), then A allows a PLI (NLI). Furthermore, if A is a square sign pattern that requires a PLI (NLI), then each realization of A is nonsingular, i.e., A is an SNS-matrix (see [2, page 7] ). If P 1 and P 2 are permutation matrices of orders m and n, respectively, then the m by n sign pattern A allows (resp. requires) a PLI (NLI) if and only if the permutationally equivalent sign pattern P 1 AP 2 allows (resp. requires) a PLI (NLI). The following observation also shows that the left-inverse nonnegativity and positivity of a sign pattern are invariant under the multiplication by positive diagonal matrices. Let A be an n by n sign pattern with a realization of rank n. Then A is permutationally equivalent to
where k ≥ 1, and A ii is a fully indecomposable square sign pattern for each i ∈ {1, . . . , k} (see [1, Theorem 4.2.6] ). If A is fully indecomposable, then k = 1. By induction, the following observation can be shown. Observation 1.2. Let A be an n by n sign pattern of the form (1.1). If A requires a PLI (resp. NLI), then each A ii (i = 1, . . . , k) also requires a PLI (resp. NLI).
In [4] , a characterization of all m by n sign patterns allowing a PLI is given, which generalizes the known result for the square case (see, for example, [2, Chapter 9]). In [4] , there are also necessary or sufficient conditions for m by n sign patterns to allow an NLI; however, a complete characterization of such sign patterns remains open. In this paper, we study sign patterns that require a PLI or an NLI. First, the following result shows that m by 1 sign patterns A requiring a PLI or an NLI share a necessary Suppose that α i = + and For square sign patterns of order n ≥ 2 requiring a PLI or an NLI, a complete characterization is given in Section 2. It is shown in Section 2 that for n ≥ 2, no square sign patterns of order n require a PLI (which is in contrast with [2, Theorem 9.2.1]), and that a sign pattern of order n requiring an NLI is, up to permutational equivalence, an upper triangular sign pattern with positive main diagonal entries and nonpositive off-diagonal entries.
For m ≥ n, let A be an m by n sign pattern and b an n by 1 sign pattern. The system x T A = b T with x ≥ 0 and x = 0 (resp. x > 0) is a constrained system, and the constrained system is sign-consistent provided, for each matrix A ∈ Q(A) and each vector b ∈ Q( b), there exists an m by 1 nonzero and nonnegative (resp. positive) vector x such that x T A = b T ; see [5] . Note that, for an n by m matrix X with rows x T i and an m by n matrix A, XA = I n implies that x
where e i is the column matrix with 1 in row i and 0's elsewhere. By this fact, it can be shown that an m by n sign pattern A requiring an NLI (resp. a PLI) is closely related to a sign-consistent, constrained system x T A = b T with x ≥ 0 and x = 0 (resp. x > 0). We denote by e i the column sign pattern with a + entry in row i and 0's elsewhere. Using this observation and results on sign-consistent, constrained systems in [5] , in Section 3, we give necessary and sufficient conditions for an m by n sign pattern to require an NLI or a PLI.
2. Square Case. Let I n denote the n by n sign pattern with +'s on the main diagonal and 0's elsewhere. The following result gives a complete characterization on square sign patterns of order n ≥ 2 that require a PLI or an NLI. 
Assume that, for some s < t, N has (s, t)-entry negative. By emphasizing the (s, t)-entry, (2.1) and the fact that N is strictly upper triangular imply that there exists a realization A in Q(A) whose inverse has negative (s, t)-entry, which is a contradiction. Hence, the result follows.
Next, assume that A = I n − N where N is an n by n strictly upper triangular, nonnegative sign pattern. Let A = E − N ∈ Q(A) with E ∈ Q(I n ) and N ∈ Q(N ). 3. General Case. In this section, by using results on sign-consistent, constrained systems in [5] , we give necessary and sufficient conditions for a sign pattern to require an NLI or a PLI.
A signing is a nonzero, diagonal sign pattern. For an m by n sign pattern A, let S be the set of all signings D of order n such that each nonzero row of AD has a + entry. The following result gives a necessary and sufficient condition for a sign pattern to require an NLI in terms of signings with a particular sign. The next result gives a condition on rows of a sign pattern that requires an NLI (and hence a condition on rows of a sign pattern that requires a PLI). The following result gives a necessary and sufficient condition for a sign pattern to require a PLI, where we consider signings with at least one diagonal entry in {−, 0} instead of signings with at least one − entry (which are for sign patterns requiring an NLI). The following example gives a non-square sign pattern that requires an NLI, but not a PLI. It can be verified that, for each of the signings D with at least one − entry, namely The converse of Corollary 3.10 does not hold. Consider the 3 by 2 sign pattern
Then, by Theorem 3.7 (c), it can be verified that A requires a PLI. However, since A does not have any nonzero and nonpositive row, by Proposition 3.6 (a), the transpose of A is not an L + -matrix.
An n by (n + 1) sign pattern M is an S-matrix provided that the nullspace of each realization of M is spanned by an (n + 1) by 1 positive vector (see [2, page 12] ). Since Lemma 3.5 implies that an n by (n + 1) S-matrix is an L + -matrix, by Corollary 3.10, its transpose requires a PLI. Hence, transposes of S-matrices provide a family of sign patterns which require a PLI. Note that S-matrices can be recognized in polynomial-time (see [3] ), while the problem of recognizing if a sign pattern is not an L + -matrix is NP-complete (see [5] ). Recall that there are no square sign patterns of order n with n ≥ 2 that require a PLI (see Theorem 2.1), but there are square sign patterns of order n with n ≥ 2 that allow a PLI (see [2, Theorem 9.2.1]). We conclude this section by showing that for m > n ≥ 2, the set of all m by n sign patterns requiring a PLI (resp. an NLI) is also a proper subset of the set of all m by n sign patterns allowing a PLI (resp. an NLI). For m > n ≥ 2, let A = [α ij ] be the m by n sign pattern with α ii = + for each i = 1, . . . , n and α ij = − for all i = j. Then, by [4, Theorem 2.10], A allows a PLI (and hence an NLI). However, Corollary 3.2 implies that A does not require either of an NLI or a PLI (since A has no nonzero and nonnegative row).
